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In a constant and homogeneous magnetic background, quantum vacuum fluctuations due to axion-
like fields can dominate over those associated with the electron-positron fields. Considering the
framework of axion-electrodynamics, the self-energy operator for the electromagnetic field is deter-
mined with an accuracy to second-order in the axion-diphoton coupling. This outcome is utilized for
establishing modifications to the propagation characteristics of photons and to the Coulomb poten-
tial of a static pointlike charge. Notably, in the magnetosphere of a neutron star, the effect of photon
capture by the magnetic field, known in QED as relating to gamma-quanta, is extended in axion
electrodynamics to include X-ray photons with the result that a specially polarized part of the heat
radiation from the surface is canalized along the magnetic field. Besides, for field strengths larger
than the critical scale associated with this theory, the modified Coulomb potential is of Yukawa-type
in the direction perpendicular to the magnetic field at distances much smaller than the Compton
wavelength of an axion, while along the field it follows approximately the Coulomb law at any length
scale. We find that at unlimitedly large magnetic fields the longstanding problem – overcome in
QED – that the ground-state energy of a hydrogen atom is unbounded from below, is reinstated.
However, in axion-electrodynamics this unboundedness is cut off because the largest magnetic field
treatable within this theory is limited by the unitarity of the associated scattering matrix.
PACS numbers: 11.10.Jj, 12.20.-m, 14.40.n, 14.70.Bh, 14.80-j, 14.80.Ms
I. INTRODUCTION
Upon quantization, the axial chiral U(1)A−invariance
is exonerated of representing a quantum symmetry in
the theory of the strong interactions, namely Quan-
tum Chromodynamics (QCD). The occurrence of an
anomalous contribution in the QCD Lagrangian – linked
to a nontrivial topological structure of the QCD vac-
uum – prevents the conservation of the axial current by
dispossessing the theory from the Charge-Parity (CP)-
symmetry. However – with astonishing experimental ac-
curacy – QCD manifests itself as a CP-preserving frame-
work and the anomalous “θ−term” seems to be fully
irrelevant. This famous controversy – known as the
strong CP-problem – is reconciled through the Peccei-
Quinn mechanism [1], where a global U(1)PQ-symmetry
is promoted to compensate the CP-violating term once
it is broken spontaneously. While the described solu-
tion is perhaps the most appealing among other possi-
ble ideas, it did not come free of a new challenge for
the contemporary physics: the detection of the emer-
gent Nambu-Goldstone boson, i.e. the QCD axion [2, 3].
Experimental endeavours toward this task are nowadays
being carried out worldwide, based – predominantly –
on the axion-diphoton coupling that results naturally
in axion-electrodynamics (AED) [4]; a framework whose
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phenomenology is subject to an intense scrutiny owing
to its relevance, not just in particle physics, but also in
research branches sharing its main features [5–7].
At lab scales, direct searches for the axion rely on plau-
sible traces of axion-photon oscillations mediated by a
constant magnetic field. Descriptions of the most popu-
lar detection methods can be found in Refs. [8–11]. The
realization of this process could be relevant, indeed, in
polarimetric arrangements [12–16]1 and in Light-Shining-
through-a-Wall setups [23–30]. Although the outcomes of
these ongoing experiments have not verified the existence
of the QCD axion yet, valuable bounds in its parameter
space have been inferred instead, as well as in Axion-
Like Particles (ALPs) that are predicted in string theory
[31–34] and in various Standard Model extensions which
attempt to incorporate the dark matter of our Universe
[35–39]. Constraints on axions – or, more general, ALPs
– are also deduced from their potential astro-cosmological
consequences which are not reflected accordingly by the
current observational data of our universe. A basic as-
sumption underlying this line of argument is that the
interplay between the axionic degrees of freedom and the
well established Standard Model sector – i.e., photons in
first place – is extremely feeble. As a consequence, ALPs
produced copiously in the core of stars via the Primakoff
effect might escape from there almost freely, constituting
a leak of energy that accelerates the cooling of the star
1 The feasibility of using strong laser sources instead has also been
investigated. For details we refer the reader to Refs. [17–22].
2and, thus, shortens its lifetime. Therefore, the number of
red giants in the helium-burning phase in globular clus-
ters should diminish considerably. That this fact does
not take place – at least not significantly – constraints the
axion-diphoton coupling g to lie below g . 10−10 GeV−1
for ALP masses m below the keV scale [40–42].
Precisely on the surface of stellar objects identified
as neutron stars [43–45] and magnetars, magnetic fields
as large as B ∼ O(1014 − 1015) G are predicted to ex-
ist. As these strengths are bigger than the critical scale
B0 = 4.42×1013 G of Quantum Electrodynamics (QED),
such astrophysical scenarios are propitious for the real-
ization of a variety of yet unobserved quantum processes,
which are central in our current understanding on the na-
ture and origin of the pulsar radiation. Notable among
them are, the photon capture effect by the magnetic field
owing to the resonant behavior [46] of the vauum po-
larization in QED [47–49]2, the one-photon production
of electron-positron pairs and the photon splitting effect
[53–55]. Clearly, the strong-field environments provided
by these compact objects can also be favorable for an
ALPs phenomenology – as they are in QED – contrary to
what is predicted relying on the weak coupling treatment.
This occurs, because the aforementioned field strengths
could compensate for the weakness of the coupling and
significantly stimulate quantum vacuum fluctuations of
axionlike fields. This paper is devoted to analyzing this
possibility in the ALPs phenomenology. We study the
critical regime of AED for which the polarization oper-
ator calculated within the second-order accuracy in this
theory is responsible.
We shall demonstrate, for instance, that for sufficiently
large magnetic fields, the axionlike fields lead to both
stronger refraction and screening effects as compared
with the predictions of QED [at least when we are kine-
matically far from the vacuum polarization resonance].
In particular, virtual ALPs, might be responsible for the
capture of γ-quanta by the magnetic field lines in the
magnetosphere of neutron stars and magnetars prior than
the analogous effect starts acting in QED. This might fall
into discrepancy with the well-established mechanism of
pulsar radiation. However, we find that within the al-
lowed window for the axion parameters, this is not the
case for magnetic fields larger than B ∼ 1013 G, and
for masses m ≪ 1 keV the axion physics does not dom-
inate over the QED phenomenology. Furthermore, it is
also indicated that ALPs can induce strong screening in
the Coulomb potential of a static pointlike charge in the
direction perpendicular to the magnetic field. Contrary
to studies developed within QED [56–59], our investiga-
tion reveals that along the field direction, and within the
regime where the associated axion phenomenology could
2 See also Refs. [50–52], where the photon gradually turns into a
positronium atom via the photon-positronium polaritonic state
while being captured.
dominate over the corresponding QED effects, the screen-
ing due to ALPs is very weak, no matter how strong the
field strength is (within the limits imposed on it by the
unitarity). Hence, the modified potential we obtain fol-
lows the Coulomb law approximately. As a consequence,
the plausible existence of heavy axionlike particles at ex-
tremely large magnetic fields might lead to a reestab-
lishment of the formula for the unscreened ground-state
energy of a nonrelativistic electron in the hydrogen atom
[60]. The longstanding problem linked to this formula,
i.e. the fact that the energy spectrum is unbounded from
below when the magnetic field grows unlimitedly, was
solved when the screening induced by the vacuum polar-
ization of QED was incorporated and the virtuality of
ALPs was ignored [56, 57, 61–63]. We will see that in
AED, by requiring the unitarity of the scattering matrix,
a cutoff is incorporated for the largest treatable magnetic
field, which may cause dramatic changes in the limiting
ground-state energy.
The investigation carried out here relies on a quan-
tized approach of AED developed in Sec. II A. It provides
a nonrenormalizable framework whose quantum correc-
tions are determined by using effective field theory tech-
niques that have proved to be appropriate for extracting
valuable insights from quantum gravity [64–67], chiral
perturbation theory [68–71] and nonlinear QED [72–74],
by preserving – parallely – the unitarity of the respective
scattering matrices. In Sec. II A the main equations de-
scribing axion-diphoton interaction in an external mag-
netic field are fixed, and the diagrams for polarization
operators determining the approximation are specified.
In Sec. II B the approximation-independent eigenmode
expansion of the polarization tensor is given in terms of
its eigenvectors and eigenvalues, valid in a magnetic field
both in QED and AED. We determine the polarization
tensor with an accuracy of the second order in the axion-
diphoton coupling. Although the neutral nature of quan-
tum vacuum fluctuations due to axionlike fields contrasts
with those associated with the charged Dirac ones, the
outcomes resulting from the quantized axion-photon the-
ory pretty much resemble those obtained in QED. This
similarity is stressed in Sec. II B, where various asymp-
totes of the eigenvalues of the polarization tensor are es-
tablished in parallel. Also in that section the plausible
regions of parameters of undiscarded ALPs, where the
contribution of the latter could dominate over the QED
effects, are established.
In Sec. III A we define the mass shell by solving the
dispersion equation for a photon of the extraordinary po-
larization mode interacting with an axion in the presence
of a magnetic field to find two branches of the spectrum:
the massless one, whose rest energy is zero – responsible
for the photon of that mode – and the massive one for
the axion. As these branches do not intersect, no axion-
photon oscillation occurs unless the nonconservation of
the momentum is admitted due to possible nonhomo-
geneity of the background. The same spectrum is ob-
tained by solving the field equation in the pseudoscalar
3sector in Appendix A. Parallely, we find the group ve-
locity on these branches and fix the angles between its
direction and the wave vector, which are nonvanishing
due to the optic anisotropy. The flattening of the mass-
less branch near small values of the transverse momen-
tum results in vanishing of the group velocity component
across the magnetic field. This phenomenon forms a ba-
sis for the photon capture considered in the subsequent
sections III B and III C. Throughout the investigation,
we use a special normalization of the polarization vec-
tors that allows us to completely exclude, on the mass
shell, one of the three eigenmodes, leaving two polariza-
tion degrees of freedom for massless excitations that exist
along with one massive degree of freedom. Formulas are
given for polarizations of electric and magnetic compo-
nents of free massless excitations. The electric field in
the extraordinary mode lies in the plane spanned by the
external magnetic field and the wave vector, whereas the
other massless mode, not affected by the axions, has its
electric vector orthogonal to that plane. In Sec. III B
we recall the effect of γ-quantum capture in QED and
argue that in AED the same effect might destroy the
accepted mechanism of electron-positron plasma produc-
tion in pulsars and hence of their radio-emission, if it was
not eliminated by the already existing restrictions on the
axion mass and coupling constant. In Sec. III C we deal
with the capture of soft photons that occurs in AED.
We consider the refraction of radiation, when it leaves
the region of strong field, and assure ourselves that the
heat radiation from the pulsar surface belonging to the
extraordinary mode is canalized parallel to the magnetic
field, and it may leave it, whereas the radiation polarized
in the orthogonal direction is not canalized and is subject
to the angular distribution determined by the refraction
law. We believe that the effect that the radiation of a
certain polarization condenses close to the magnetic field
direction, while the orthogonally polarized radiation is
distributed over the angle maybe, if observed or elimi-
nated by observation, might become a criterion for the
existence of axions. Although the pulsar’s strong mag-
netic field makes the axion heavy, we argue that the num-
ber of certain type of heat ALPs escaping from it could
be comparable to the heat photons which leave the pulsar
at X-ray temperatures.
Finally, in Sec. IVA we determine the general ex-
pression for the axion-modified Coulomb potential. Its
anisotropization, short-ranging and dimensional reduc-
tion are revealed manifestly via numerical evaluations.
We show, in particular, that for field strengths larger
than the critical scale associated with this effective the-
ory, the modified potential is short-ranged in the direc-
tion perpendicular to the magnetic field while it follows
approximately the behavior of Coulomb’s law along B .
Sec. IVB is devoted to support analytically these results.
There, asymptotic expressions for the modified Coulomb
potential in the limits of strong magnetic fields are de-
termined. In addition, the imprints that virtual ALPs
leave within the ground state energy of a nonrelativistic
FIG. 1: Feynman diagram depicting the axion-modified vac-
uum polarization tensor. While the dashed line represents
the free axion propagator ∆F(x, x˜), the internal wavy line
denotes the free photon propagator D
(0)
µν (x, x˜). The external
lines stand for amputated legs associated with photons.
electron in a hydrogen atom are evaluated. The limit of
weak external field is studied in Sec. IVC, whereas in
Sec. V we expose our conclusions.
II. AXION-ELECTRODYNAMICS IN A
CONSTANT MAGNETIC BACKGROUND
A. Polarization-tensor approach
To leading order in the axion-diphoton coupling g¯, the
Lagrangian density describing AED combines the stan-
dard Maxwell Lagrangian with the free Lagrangian den-
sity of the pseudoscalar field φ¯(x) and with the scalar
interaction Lagrangian density involving the dual of the
electromagnetic field tensor f˜µν =
1
2ǫ
µναβfαβ where
fµν = ∂µa¯ν − ∂ν a¯µ and ǫ0123 = 1. Explicitly,
L¯ = −1
4
f2 +
1
2
(∂φ¯)2 − 1
2
m¯2φ¯2 +
1
4
g¯φ¯f˜f. (1)
Hereafter, we use a metric with signature diag(gµν) =
(1,−1,−1,−1), and Heaviside−Lorentz units with the
speed of light and the Planck constant set to unity
c = ~ = 1. To abbreviate, the following notations
have also been used: f2 ≡ fµνfµν , f˜f ≡ f˜µνfµν ,
(∂φ¯)2 ≡ (∂µφ¯)(∂µφ¯). As the interacting term has a mass
dimension −5, this framework belongs to the class of per-
turbatively nonrenormalizable theories. In connection,
L¯ can be regarded as a Wilsonian effective Lagrangian
parametrizing the leading order contribution of its ultra-
violet completion, i.e. a renormalizable theory linked to
physics beyond the Standard Model which might contain
new heavy particles at the energy scale ΛUV ∼ 1g¯ . If
this hypothetical theory satisfies fundamental principles
such as Lorentz and gauge invariance, and preserves – in
addition – the unitarity, quantum processes due to fluctu-
ations of modes of the fields in L¯ , taking place at energies
substantially below ΛUV, should also be described in a
unitary way.
A renormalization program for extracting finite quan-
tities from perturbative calculations based primarily on
Eq. (1) can be carried out only by continually incorpo-
rating higher-dimensional operators into the Lagrangian
to provide counterterms that cancel divergences. These
terms are polynomial in the derivatives and preserving
4the formal invariance properties of L¯ , but on the other
hand, suppressed by higher powers of g. Recently, this
procedure has been utilized in the determination of the
polarization tensor [see Fig. 1] in the one-loop approxi-
mation [75]:
Πµνvac(q1, q2) = δ¯q1,q2
[
q22g
µν − qµ2 qν2
]
π(q22),
π(q2) = −g
2m2
64π2
[
1− 1
3
q2
m2
]
− g
2
16π2
∫ 1
0
ds ∆(s) ln
(
∆(s)
m2
)
,
(2)
where the shorthand notation δ¯q1,q2 ≡ (2π)4δ4(q1 − q2)
has been introduced. Here, ∆(s) = m2s−q2s(1−s) with
m being the renormalized ALP mass. Likewise, g must be
understood as the renormalized axion-diphoton coupling.
In Ref. [75], relations between the bare and the corre-
sponding renormalized parameters are given. Following
our discussion below Eq. (1), for establishing Πµνvac(q1, q2)
the enlarged Lagrangian density
L = L¯ +
1
2
g¯2b2(∂f)2 + . . . (3)
is required. Here, (∂f)2 ≡ (∂µfµν)(∂λfλν) and b is an ar-
bitrary real parameter. It is precisely the last term writ-
ten in Eq. (3) ∼ 12 g¯2(∂f)2 which allows us to reabsorb
a divergence arising from the loop in Fig. 1 that can-
not be reabsorbed in the wavefunction renormalization
constant Z3 by demanding that the radiative correction
should not modify the residue of the photon propagator
at q2 = 0 [76, 77]. The reason for considering Eq. (1)
as an effective Lagrangian rather than an ordinary La-
grangian density containing higher-order derivatives, lies
in avoiding – under quantization – a number of undesir-
able properties tied to the nature of this type of theory,
including the proliferation of Pauli-Villar ghosts, the lack
of a finite ground-state energy, as well as the emergence
of equations of motion requiring extra boundary condi-
tions to specify their solutions at any spacetime point.
As shown in Ref. [75], within the ∼ g2 approximation,
no effect other than to remove the divergences that re-
sult from the loop can be assigned to the last term in
Eq. (3). This fact is connected to the equivalence theo-
rem [78–80].
In the following we evaluate the vacuum polarization
tensor in AED under the influence of a constant exter-
nal field Fµν = ∂µAν(x) − ∂νAµ(x), the Lorentz invari-
ants of which satisfy the conditions F = 14FµνF
µν > 0
and G = 14FµνF˜
µν = 0 simultaneously. This kind of
field configuration is called magneticlike, because an in-
ertial reference frame exists, where it is purely magnetic,
with no admixture of electric field. Let us replace fµν in
Eq. (3) by fµν +Fµν . Because of the presence of F , the
Lagrangian in Eq. (3) acquires an additional interaction
LF =
1
2 g¯φF˜ f . This vertex is responsible for the ap-
pearance of another Feynman diagram [see Fig. 2] which
contributes to the photon radiative correction within the
FIG. 2: Diagrammatic representation of the external field
[vertical wavy lines] dependent contribution to the vacuum
polarization tensor mediated by quantum fluctuations of pseu-
doscalar fields. Here, the dashed line represents the ALP
propagator ∆F(x, x˜), whereas the horizontal wavy lines must
be understood as amputated photon legs.
accuracy of the second order in the axion-diphoton cou-
pling. In contrast to the loop in Fig. 1, the analytical
expression of this additional graph is free of ultravio-
let divergences. Hence, within the accuracy of second-
order in the axion-diphoton coupling ∼ g2, a renormal-
ization procedure is required for cancelling those diver-
gences linked to the loop. This program has been carried
out in Ref. [75] and its final result is given in Eq. (2). All
these details allow us to write the renormalized photon
propagator in the following form
Dαβ(x, x˜) = D
(0)
αβ (x, x˜) +
∫
d4yd4y˜D(0)αµ(x, y)
×Πµν(y, y˜)D(0)νβ (y˜, x˜) +O(g4).
(4)
Here D
(0)
αβ (x, x˜) =
∫
d¯4p
−igαβ
p2+i0 e
ip(x−x˜) denotes the free
photon propagator in Feynman gauge, with the short-
hand notation d¯4p ≡ d4p/(2π)4. The renormalized po-
larization tensor involved in Eq. (4) then splits into two
contributions:
Πµν(x, x˜) = iΠµνvac(x, x˜) + iΠ
µν
F
(x, x˜). (5)
Each of these terms is in correspondence with the Feyn-
man graphs displayed in Figs. 1 and 2, respectively.
While the Fourier transform of the first contribution
[Πµνvac(q1, q2) =
∫
d4xd4x˜e−iq1xΠµνvac(x, x˜)e
iq2x˜] is given in
Eq. (2), the expression for the tree-level diagram with
two external field insertions reads
Πµν
F
(x, x˜) = −g2F˜µτ (x) [∂xτ ∂x˜σ∆F(x− x˜)] F˜σν(x˜). (6)
Here ∆F(x, x˜) =
∫
d¯4p ie
−ip(x−x˜)
p2−m2+i0 stands for the axion
propagator with the i0−prescription allowing to elude
the pole at p2 = m2 on the real axis. Observe that Eq. (6)
has been written in terms of the renormalized coupling
g and mass m. This is because, within a second order
approximation in the coupling constant, no modification
to the renormalized axion-diphoton coupling g occurs.
Actually, the renormalization constant associated with g
does not deviate from its classic tree-level value which is
one, and so, no distinction between the renormalized and
physical coupling is needed hereafter.
We are interested in dispersive and electrostatic effects
caused primarily by the interaction that virtual ALPs
5mediate between a small-amplitude electromagnetic wave
and a strong magnetic field. The extent to which these
phenomena manifest is determined by the dependence
that the photon propagator acquires on the magnetic field
strength. We remark that, if the latter is sufficiently
strong, the quantum correction in Eq. (4) might reach
values in which the perturbative treatment is not longer
justified. In such a situation, it is more suitable to deal
with the photon propagator resulting from the sum of
the infinite series containing Feynman diagrams of all
orders in perturbation theory. While there are various
ways for establishing this object, we will follow a path in
which the effective action of the theory, i. e., the Legendre
transform of the functional generating connected graphs
[81], is required. In line, we indicate that – in contrast
to Fig. 1 – the Feynman graph in Fig. 2 is not a one-
particle-irreducible diagram. Because of this, it would
not appear within the effective action:
Γ[a, φ] =
1
2
∫
d4x
∫
d4x˜ ΦT(x)Γ(2)(x, x˜)Φ(x˜) + . . . (7)
where the abbreviation + . . . stands for higher-order
terms in the average fields a(x) and φ(x). The inverse
Green’s function Γ(2)(x, x˜) and the flavor field Φ(x) in-
volved in this expression are given by
Γ(2)(x, x˜) =
[
Γ(x, x˜) Γµ(x, x˜)
Γµ(x, x˜) Γµν(x, x˜)
]
, Φ(x) =
[
φ(x)
aµ(x)
]
.
While the diagonal components in Γ(2)(x, x˜) are the re-
spective two-point proper correlation functions associ-
ated with the axion field φ(x) and the small-amplitude
electromagnetic waves aµ(x), the off-diagonal ones allow
for oscillations between each other. Within the accuracy
of second order in the coupling constant [∼ g2], these are
Γ(x, x˜) = − [+m2] δ4(x− x˜) + iΣ(x, x˜),
Γµν(x, x˜) =
[
gµν − ∂µ∂ν] δ4(x− x˜) + iΠµνvac(x, x˜),
Γµ(x, x˜) = gF˜µν(x)∂
νδ4(x− x˜).
Here  = ∂
2
∂t2 −∇2, whereas Σ(x, x˜) stands for the renor-
malized self-energy operator of φ(x), the expression of
which can be found in Ref. [75].
As outlined in Ref. [22], Πµν
F
(x, x˜) [see Eq. (5)] can be
realized in the modified Maxwell’s equation by integrat-
ing out the pseudoscalar ALP field φ(x), i.e., by setting
φ(x) on the solution of the equation of motion [22]:
φ(x) =
1
(+m2)
[
1
2
gF˜ f + i
∫
d4x˜ Σ(x, x˜)φ(x˜)
]
, (8)
where f ≡ fµν = ∂µaν − ∂νaµ. Inserting this expression
into the effective action [see Eq. (7)], and collecting the
corrections proportional to g2, we end up with
Γos =
1
2
∫
d4xd4x˜ aµ(x)D−1µν (x, x˜)a
ν(x˜) +O[a3],
D−1µν (x, x˜) =
[
gµν − ∂µ∂ν
]
δ4(x− x˜) + Πµν(x, x˜)
(9)
with Πµν(x, x˜) given in Eq. (5). Noteworthy, this bilinear
approximation to the effective action provides the follow-
ing equations of motion for the small-amplitude electro-
magnetic wave [∂a = 0]:
aµ(x) +
∫
d4x˜ Πµν(x, x˜)a
ν(x˜) = 0. (10)
We emphasize that Eqs. (9) and (10) apply provided
there is no expectation value for the axion fields per-
meating the universe, or that such vacuum expectation
value is negligible in comparison with the quantum vac-
uum fluctuations that are induced by the ALP field.
B. Polarization tensor, asymptotes and plausible
dominance over QED
When the external field is a constant magneticlike
background characterized by a four-potential A µ(x) =
− 12Fµνxν and the invariants F = 12B2, G = 0, the
Fourier transform of the polarization tensor can be writ-
ten in the following form
Πµν(q1, q2) = δ¯q1,q2P
µν(q). (11)
As the theory posesses the same properties of Lorentz-,
translational and gauge invariance, and spatial parity as
QED, the tensorial structure involved in this expression
can be diagonalized in the same form as the one estab-
lished for QED with magnetic field in Refs. [82, 83] basing
on these general properties:
Pµν(q) = −
3∑
j=1
κj
♭µj ♭
ν
j
♭2j
, Pµν(q)♭
ν
j = κj♭
ν
j .
The conditions of solvability of the field equation (10) are
the dispersion equations
q2 = κi (12)
which define the mass-shells of involved particles, photon
included. The scalar eigenvalues κj in the approximation
considered are
κ1,3 = q
2π(q2), κ2 = g
2 qF˜
2q
q2 −m2 + κ1,3, (13)
where π(q2) is given by Eq. (2). Note that the exter-
nal field and hence the anisotropy is introduced through
the interaction with the axion. If g = 0, the isotropy
is restored: κ1 = κ2 = κ3. In the special Lorentz
frame, where the external field is purely magnetic and
directed along the axis denoted as ‖, the Lorentz scalar
qF˜ 2q/(2F) becomes q20 − q2‖ where the photon energy
is q0 and the momentum component along the mag-
netic field is q‖. There is also an extra Lorentz scalar
qF 2q/(2F) = q2⊥, with q⊥ denoting the projection of the
6momentum q onto the plane perpendicular to B , so that
2Fq2 = qF˜ 2q − qF 2q.
At this point it is worth remarking that the set of eigen-
vectors ♭µj with j = 1, 2, 3 is built from first principles,
independently of any approximation used in the calcula-
tions [82]. Explicitly,
♭µ1 = q
2
F
µ
λF
λ
νq
ν − qµ(qF 2q),
♭µ2 = F˜
µ
νq
ν , ♭µ3 = F
µ
νq
ν .
(14)
Observe that, due to the Dirac delta involved in Eq. (11),
the decomposition in Eq. (13) does not depend on which
choice q = q1 or q = q2 is taken. The eigenvec-
tors contained in this decomposition are mutually or-
thogonal ♭jµ♭
µ
ℓ = −δjℓ♭2ℓ and transverse qµ♭µj = 0 with
j = 1, 2, 3. Besides, they satisfy the completeness re-
lation gµν − qµqν/q2 = −∑3j=1 ♭µj ♭νj /♭2j . Formally, the
diagonal expansion in Eq. (13) admits an additional con-
tribution which is longitudinal by construction ∼ qµqν .
Owing to the gauge invariance property of the polariza-
tion tensor Pµν(q)q
ν = 0, the eigenvalue associated with
this term vanishes identically.
When AED is embedded in the QED action, the eigen-
values of the polarization tensor [see Eq. (13)] will con-
tribute additively to the corresponding QED eigenvalues.
In this subsection we exploit this property to establish re-
gions of ALPs parameters for which a dominance over the
QED effects could take place. This seems to be particu-
larly accesible because the tree correction to the vacuum
polarization tensor, i.e. the first term in κ2 [see Eq. (13)]
exhibits a quadratic growth in the external field while the
corresponding eigenvalue in QED grows linearly instead
[b≫ 1]:
κ
QED
2 ≈


αb
3π
(q20 − q2‖) for q20 − q2‖ ≪ m2e,
2αb
π
m2e for m
2
e ≪ q20 − q2‖ ≪ m2eb.
(15)
Here α = 1/137 denotes the fine structure constant,
b = B/B0 and B0 = m
2
e/e ≈ 4.42 × 1013 G the criti-
cal QED scale. In this context, me and e refer to the
electron mass and the absolute value of its charge.3 It
is worth mentioning that the application of these asymp-
totes requires q2⊥ ≪ m2eb.
In order to establish undiscarded ALPs parameters
which might lead to strong refraction as well as to a
more pronounced screening property than the one pre-
dicted from QED, it is required – first – to derive some
asymptotic formulae of Eq. (13). Let us consider the sit-
uation in which q2 ≪ m2. In this case all the eigenvalues
3 It is precisely due to this linear dependence that an anomalous
magnetic moment for mode-2 photons can be defined [84–87].
of the polarization tensor are real.4 Their behavior can
be inferred easily by quoting the corresponding limit for
π(q2) [75]:
κ1,3|q2≪m2 ≈
g2q4
144π2
,
κ2|q2≪m2 ≈ −b2(q20 − q2‖) +
g2q4
144π2
.
(16)
Here, we have introduced the parameter b = B/Bc
with Bc = m/g denoting a critical field scale associated
with AED. When the magnetic-field-depending contri-
bution dominates the vacuum polarization, the result-
ing expression for κ2 ≈ −b2(q20 − q2‖) exceeds the cor-
responding QED expression [first line in Eq. (15)] pro-
vided b2 ≫ αb/(3π). This condition is satisfied for the
QCD axion, the mass of which has been restricted by as-
trophysical and cosmological constraints to lie between
10−6 eV < m < 10−2 eV.5 The corresponding window
for g is 10−16 GeV−1 . g . 10−12 GeV−1. For the ranges
above, the critical scale of the theory would be of the or-
der of Bc ∼ 1020 G. We remark that magnetic fields of
this order of magnitude and even larger have been spec-
ulated to exist in the cores of neutron stars [89]. If the
external field exceeds this critical scale by three orders
of magnitude the parameter b2 ∼ 106 turns out to be
of the same order of magnitude as αb/(3π) ∼ 106 and
the effects of AED cannot be ignored any longer. Now,
the best laboratory limit for ALPs is held by the OSCAR
collaboration: g < 4×10−8 GeV−1 form . 100 µeV [30].
If one takes an allowed mass of the order of m ∼ 10−4 eV
and upper limit above, the critical field is Bc ∼ 1014 G.
The latter is comparable with the magnetic fields that
might exist in the magnetosphere of neutron stars and
magnetars. For a magnetic field exceeding this critical
value by two orders of magnitude – which could be real-
ized at the surface of cosmological gamma-ray bursters if
they are rotation-powered neutron stars [90–92] – we ob-
tain that b2 ∼ 104 is four orders of magnitude larger than
αb/(3π) ∼ 1. Under such a circumstance the vacuum po-
larization linked to virtual ALPs would prevail over the
one associated with virtual electron-positron pairs.
Next, let us consider qµ spacelike [q2 < 0] with |q2| ≫
m2. Here the three eigenvalues are also real and behave
4 This statement does not hold for the QED part of polariza-
tion operator eigenvalues, because, for instance, κQED2 has an
imaginary part when q20 − q2‖ > 4m2e . So, when the condition
q2⊥ ≫ 4m2e − m2 is fulfilled the imaginary part is present al-
though q2 ≪ m2.
5 This window restricts even further if axions constitute the dom-
inant component of dark matter, in which case 50 µeV < m <
1.5 meV [88].
7asymptotically as
κ1,3||q2|≫m2 ≈
g2q4
96π2
[
ln
( |q2|
m2
)
− 7
6
]
,
κ2||q2|≫m2 ≈ m2b2
q20 − q2‖
q2
+ κ1,3||q2|≫m2 .
(17)
Notably, if the magnetic-field-depending contribution
dominates the vacuum polarization and q20−q2‖ ≫ q2⊥, the
second eigenvalue of the polarization tensor κ2 ≈ m2b2
[compare with the corresponding QED expression given
in the second line in Eq. (15)]. Hence, the vacuum po-
larization of AED would dominate over the QED con-
tribution if mb ≫ (2αb/π)1/2me corresponding to g ≫
me[2α/(BB0)]
1/2. For a magnetic field B ∼ 1022 G
this could occur if g ≫ 10−3 GeV−1. For ALPs masses
m < 10 MeV, values of g overpassing the previous limi-
tation have been ruled out from a variety of observations
in particle physics, astro-particle physics and cosmology.
A compilation of discarded areas in the parameter space
of ALPs can be found in Ref. [93, 94]. A small window
10−2 GeV < m < 1 GeV with g < 10−2 GeV−1 remains
for which 1019 G < Bc < 10
21 G. Another possibility
is to consider the effects associated with a neutral pion.
In such a case, the substitutions m → mπ = 135 MeV
and g → α/(πfπ) ≈ 0.025 GeV−1, with fπ = 92 MeV
denoting the pion decay constant have to be made and
Bc = 2.8 × 1020 G. So, for fields exceeding this value
one can expect a dominance of the vacuum polarization
linked to neutral pions over the one associated with QED.
Now, if qµ is a timelike four-vector [q2 > 0] with
|q2| ≫ m2, the Πµν -eigenvalues are all complex. While
the asymptotes for their real parts coincide with the ex-
pression given in Eq. (17), their imaginary contributions
are given by Im [κi]|q2|≫m2 ≈ −g2q4/(96π) for i = 1, 2, 3.
In line with this statement, we recall that an exact ex-
pression for the imaginary parts of the eigenvalues κ1 and
κ3 in Eq. (13) can be obtained [for details see Ref. [75]]:
Im[κ1,3] = − g
2
96πq2
[
q2 −m2]3Θ(q2 −m2), (18)
where Θ(x) denotes the unit-step function: Θ(x) = 1
at x > 0, Θ(x) = 0 at x < 0. The formula corre-
sponding to the second eigenvalue follows by restoring
the i0−prescription in Eq. (13) [m → m − i0] and ap-
plying the relation (x + i0)−1 = P 1x − iπδ(x), with P
referring to the Cauchy principal value. Consequently,
Im[κ2] = −m2πb2(q20 − q2‖)δ(q2 −m2) + Im[κ1,3]. (19)
Here the expression for Im[κ1,3] is given by Eq. (18).
Observe that, when the condition |q2| ≫ m2 is met, both
Eq. (18) and (19) reduce to the asymptotic formula given
right below Eq. (17).
III. ANISOTROPY IN REFRACTION AND
CAPTURE OF PHOTONS IN A SUPERSTRONG
MAGNETIC FIELD
A. Dispersion laws, group velocity and degrees of
freedom
Although resulting from different nature, the singu-
larity exhibited in the second eigenvalue at q2 = m2
[see Eq. (13)] somewhat resembles the known situation
in QED, where there appears an inverse square root sin-
gularity in κ2 at the border to the continuum of free
electron and positron states produced by a single pho-
ton: the cyclotronic resonance of the vacuum [46, 83],
or the pole where the electron and positron are bound
to form a positronium atom [50–52]. The genuine dis-
persion relations associated with the mode-2 eigenwave
neither are q0 = |q | nor q0 =
√
q2 +m2 but rather
q20∓ = q
2 +
1
2
m2∗
[
1∓
√
1 +
4b2
1 + b2
q2⊥
m2∗
]
+O(g4). (20)
The formula above results from solving the nontrivial
algebraic equation that arises when Eq. (10) is Fourier
transformed, i.e. the equation q2 = κ2. Observe that
the dispersion law labeled with a negative sign describes
a massless particle as q0− vanishes when q⊥,‖ → 0. Con-
versely, the dispersion relation q0+ corresponds to a mas-
sive mode [limq‖,⊥→0 q
2
0+ = m
2
∗] whose effective mass
m∗ = m
√
1 + b2 reduces to the ALP mass m only when
the external field is zero. Therefore, a small-amplitude
electromagnetic wave characterized by the second prop-
agation mode is actually a state in which massive and
massless particles coexist. Both branches of the disper-
sion law [see Eq. (20)] are depicted in Fig. 3 for various
values of the b parameter. As b grows, the massless dis-
persion curves tend to stick to the horizontal axis. This
behavior can be understood from Eq. (20) when the case
q⊥ ≪ m∗ ≈ mb with b≫ 1 is considered:
q20− − q2‖ ≈
q4⊥
m2b2
. (21)
The pattern in Fig. 3 obtained by studying the resulting
photon field is to be interpreted in such a way that the
axion and mode-2 photon interact in the magnetic field
to produce the spectrum of two disconnected branches:
one massless and one massive. [The same spectrum is
obtained by studying the resulting axion field in Ap-
pendix A]. The massless branch may be referred to as
belonging to a photon modified by its interaction with
the axion, while the massive branch corresponds to the
axion modified by its interaction with the mode-2 pho-
ton. No mixed state between the axion and the photon
is formed and, thus, no oscillation between these parti-
cles can takes place in a strictly constant and homoge-
neous magnetic field. Here we encounter a vast difference
with QED in this type of background, where the free
8photon dispersion curve quasi-intersects with the disper-
sion curve of an electron-positron pair – mutually free
or bound into a positronium atom – before the inter-
action between the photon and the pair is taken into
account. This quasi-intersection results in forming the
photon-pair mixed state, the polariton, after this inter-
action comes into play [47, 48, 50–52]. In such a context,
photon-positronium oscillations are possible [95, 96].
When calculating the components of the group velocity
v⊥,‖ = ∂q0−/∂q⊥,‖ linked to Eq. (21), we find
v⊥ ≈ 2
b2
q3⊥
m2q0−
, v‖ ≈
q‖
q0−
. (22)
As a consequence, the angle between the direction of
propagation of the electromagnetic energy and the ex-
ternal magnetic field
tan θ =
v⊥
v‖
≈ 2
b2
q2⊥
m2
tanϑ (23)
does not coincide with the one [tanϑ = q⊥/q‖] between
the photon momentum q andB , [tan θ < tanϑ]. Further-
more, we observe that it tends to vanish when q⊥ ≪ mb
the faster, the stronger the field is, since one has [see
Eq. (22)]:
v⊥ → 0 and v‖ → 1. (24)
This implies that the group velocity becomes parallel to
the magnetic field for hard, as well as for soft photons.
The described situation is not new. It resembles the
main feature on which the capture effect of photons with
energy much lower than the first pair creation threshold
relies [49]. Following our discussion below Eq. (16), we
expect that this phenomenon could also be realized via
a certain class of virtual ALPs rather than by virtual
electron-positron pairs, provided b≫ 1. We will see very
shortly that, in addition to γ−quanta [47, 48], and as a
direct consequence of Eq. (22), X-rays, optical light [49],
infrared radiation and electromagnetic microwaves could
undergo the capture due to the magnetized vacuum of
AED near the surface of neutron stars.
Let us investigate the refractive properties linked to
the massive branch [lower sign in Eq. (20)]. When b≫ 1
and q⊥ ≪ m∗ ≈ mb the associated dispersion relation
approaches
q20+ ≈ 2q2⊥ + q2‖ +m2∗. (25)
In this case the components of the group velocity v⊥,‖ =
∂q0+/∂q⊥,‖ are
v⊥ ≈ 2q⊥
q0+
, v‖ ≈
q‖
q0+
(26)
As a result, the cosine of the angle η between the group
velocity vector v and the momentum is
cos η =
q‖v‖ + q⊥v⊥
|q |
√
v2⊥ + v
2
‖
≈
q2‖ + 2q
2
⊥
|q |
(
4q2⊥ + q
2
‖
)1/2 . (27)
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FIG. 3: Dipersion relations linked to the second propagation
mode of the vacuum polarization tensor in quantum AED
[see Eq. (20)]. While the dashed line represents the light cone
law, the horizontal dotted one shows the situation for which
q20 − q
2
‖ = m
2. The four curves below the light cone line
are associated with the massless branch. Conversely, above
this one, four massive dispersion laws are depicted. These
curves were determined by choosing various magnetic field
parameters bi with i = 1, 2, 3, 4, 5, 6 so that b1 = 1, b2 =
2, b3 = 3, b4 = 4, b5 = 10, b6 = 100.
In terms of the angle ϑ between the photon momentum
and the magnetic field [see below Eq. (22)], this expres-
sion reads
cos η ≈ 1 + 2 tan
2 ϑ√
1 + 4 tan2 ϑ
cosϑ. (28)
Within the range 0 < ϑ < π/2 the angle η remains
very small and achieves its maximum value of η ≈
arccos[0.943] = 0.339 rad at ϑ ≈ 0.2π. This is the deflec-
tion that the direction of propagation of the wave under-
goes from its momentum vector due to the anisotropy of
the medium.
Now, in QED, there are two photon degrees of freedom
that propagate in the magnetized vacuum with different
dispersion laws [83]. This property of birefringence is an-
other manifestation of the anisotropy induced by the ex-
ternal field via the polarization tensor. Let us investigate
a similar issue within the framework of AED. Primarily,
this theory contains three degrees of freedom: two (mass-
less) photon degrees and one (massive) axion degree of
freedom. The interaction cannot change the overall num-
ber of degrees of freedom. The homogeneous free-wave
equation (10) for vector-potentials of mode-2 in momen-
tum representation is satisfied separately by each of the
two terms in the expansion
aµ2 (q) = A(−)2 δ
(
q20 − q20−
)
♭µ2 +A(+)2 δ
(
q20 − q20+
)
♭µ2 . (29)
Hence the two arbitrary coefficients here A(±)2 (q) are in-
dependent of each other, i.e. there is no way to correlate
the amplitudes of excited photon and axion waves on the
basis of the field equation alone. We write a (positive fre-
quency) solution of the free-wave equation (10) for each
9eigenmode as
aµj (q) = ♭
µ
j δ
(
q0 − q(j)0
)
, (30)
where q
(2)
0 = q0− [see Eq.(20)]. The other two values
are independent of the presence of axions and are deter-
mined by the dispersion laws of mode-1, which in the
loop approximation of QED coincides with the vacuum
dispersion law q
(1)
0 = |q |, and of mode-3 whose dispersion
law is of the general form q
(3)
0 = [q
2
‖ + f(q
2
⊥)]
1
2 , the same
as q0− [see Eq. (20)]. The eigenvectors ♭
µ
j are chosen to
differ – in the rest frame of the magnetic field – from the
vectors (14) by a factor: ♭
µ
j = ♭
µ
j /(q⊥B
2). The division
by q⊥ is crucial, as we shall see, to exclude mode-1 and to
gather conveniently the two massless degrees of freedom
in modes-2 and -3.
Then the electric ej ∼ (q0 ♭¯j − q ♭¯0j ) and magnetic
hj ∼ q × ♭¯j fields of each mode behave as:
e1 ∼ −n⊥q0q2, h1 ∼ −
[
n⊥ × q‖
]
q2,
e2⊥ ∼ n⊥q2‖ , e2‖ ∼
q‖
q⊥
(q2‖ − q20),
h2 ∼ q0
[
q‖ ×n⊥
]
,
e3 ∼ −q0
[
n⊥ × q‖
]
,
h3⊥ ∼ −n⊥q2‖, h3‖ ∼ q‖q⊥,
(31)
Here n⊥,‖ = q⊥/|q⊥| is a unit vector along the perpen-
dicular direction of B . It may seem that e
(2)
‖ in Eq. (31)
is singular in q⊥ = 0. This is not the case, however, be-
cause if q⊥ = 0 also q
2
‖ − q20 = 0 for a massless branch
[see Eq. (21)].
Note that the set of eigenvectors in Eq. (14) remains
an orthogonal basis also when the background field is
absent. Therefore, these formulae may be used, too.
In the vacuum with no background magnetic field there
are two polarizational degrees of freedom, and these are
modes 3 and 2. The mode-3 is identically transverse,
e3 · q = h3 · q = e3 · h3 = 0, whereas the mode-2
becomes transverse under the vacuum dispersion law:
e2 · q = q2‖
(
q2 − q20
)
/q⊥ = 0 if q
2
0 = q
2
‖ + q
2
⊥. In this
case, the relations h2 · q = e2 · h2 = 0 are fulfilled iden-
tically. As for mode-1, it is seen from Eq. (31) that it
nullifies in the vacuum as long as the dispersion law is
q2 = 0.
In the magnetic field, mode-2 is the so-called extraor-
dinary wave, whose longitudinal electric component is
generally nonzero, e2 · q 6= 0, since now the dispersion
law implies q2 6= 0. The exclusion is provided in the
background magnetic field by the momentum parallel to
the latter: q⊥ = 0. In this case the longitudinal compo-
nent of mode-2, e2 · q = q2‖(q2‖ − q20)/q⊥ → 0 due to the
dispersion law q20 − q2‖ = f(q2⊥) [see Eq. (35)], since for
the massless branch the function f(q2⊥) turns to zero as
fast as q2⊥ in QED or faster than q
2
⊥ in the axion theory
according to Eq. (24). The identically transverse mode-
3 continues to represent the second degree of freedom
in the magnetic field, too. As for mode-1, in the back-
ground magnetic field, at least as long as the one-loop
approximation of QED is used, its dispersion law remains
q2 = 0 [83]. Therefore the electric and magnetic fields in
mode-1 vanish according to Eq. (31), leaving again only
two polarizational degrees of freedom on the mass-shell
q2 = κj .
6 Therefore, with the choice of the amplitude
of the free waves fixed as in Eq. (30), mode-1 remains
unphysical for every direction of propagation. For this
reason we shall not take it hitherto into account.
B. Implications of a plausible capture of γ−quanta
mediated by virtual axions
Let us now consider the photon capture effect in dif-
ferent terms. In understanding that the group velocity
specifies the direction of propagation of the wave enve-
lope, the suppression of its perpendicular component im-
plies the effect of capture of the mode-2 photon by the
strong magnetic field, as described previously in QED.
We will see, however, that this phenomenon has quite
different features in the present context. Observe that
Eqs. (22) and (26) apply for q⊥ ≪ m∗ with b ≫ 1. Be-
yond this limit, i.e. for q⊥ ≫ m∗, the components of the
group velocity approach
v⊥ ≈ q⊥
q0∓
, v‖ =
q‖
q0∓
, (32)
and the angle θ = arctan(v⊥/v‖) between the direction
of propagation of the electromagnetic energy and B does
not deviate substantially from the one formed by the mo-
mentum of the small-amplitude wave and the external
field [θ ≈ ϑ = arctan(q⊥/q‖)].
Suppose that we have a magnetic field with its lines of
force curved. When propagating in such a field a photon
changes its momentum components q⊥ and q‖, while its
energy q0 is kept constant, because the external field does
not depend on time. Thereby the photon evolves along
its dispersion curve. Let primarily the so-called curvature
γ-quantum with q0 > 2me be injected in the direction
parallel to the magnetic field, as it is the case within the
widely accepted scenario of the events that take place
in the pulsar magnetosphere. The curvature gamma-
quantum is emitted by an electron propagating along
a curved magnetic line of force. As the photon propa-
gates inside the dipole-shaped magnetic field it gains a
crucial pitch angle with the direction of this field, kine-
matically sufficient for the photon to create an electron-
positron pair. This takes place when q20 − q2‖ = 4m2e. A
6 The vanishing of mode-1 may more directly be seen already from
expression for ♭µ1 in Eq. (14). The four-gradient term ∼ qµ in it
gives no contribution to the field strength, whereas the q2-term
nullifies thanks to the dispersion law q2 = 0.
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“classical” on-shell photon is characterized by the vac-
uum dispersion law q20 − q2‖ = q2⊥ [dashed line in Fig. 3]
unless the magnetic field exceeds too much the critical
scale B0 = 0.1 m
2
e/e ≈ 4.42× 1012 G, in which case the
resonant phenomena [47] must be taken into account.7
Therefore, before reaching the necessary pitch angle –
which happens for mode-2 photons at q⊥ = 2me – the
photon propagates straightforwardly in the coordinate
space and then it produces the pair. This is the mech-
anism of the formation of the electron-positron plasma
by mode-2 photons responsible for the further directed
electromagnetic emission of the pulsar.
Now, in accordance with Eq. (24) the admission of the
axion-photon interaction makes the curvature photon of
mode-2 be captured by the magnetic line of force practi-
cally immediately after the photon is emitted, provided
q⊥ ≪ m∗. This condition might lead to the capture of
massless mode-2 photons of the order of the character-
istic energy scale associated with the electron mass, i.e.
for m∗ ≫ me with b≫ 1. However, if this was the case,
a single sufficiently hard – belonging to the γ-range –
photon in the magnetic field has no chance to produce
a pair for long, the established mechanism of the pulsar
radiation being destroyed.8 Indeed, following our pre-
ceding discussion, in the magnetic field the production
of an electron-positron pair by a γ-photon is possible
if q20− − q2‖ > 4m2e. Substituting q20− − q2‖ = 4m2e into
Eq. (20) we obtain the equation [b≫ 1]
4m2e =
(
q2⊥
)
thr
+
1
2
m2∗

1−
√
1 + 4
(q2⊥)thr
m2∗

 (33)
for the threshold value of q2⊥ that borders this process.
Its positive solution is
(
q2⊥
)
thr
= 4m2e +m
2
∗ +
1
2
m∗
√
m2∗ + 4m
2
e.
Hence, the accepted mechanism of plasma generation in
neutron stars is destroyed if it may take place at the
values
(
q2⊥
)
thr
essentially exceeding the threshold value
7 When taking into account the resonant phenomena owing to the
singularity of the polarization tensor in momentum space in the
point, where the photon creates a free or bound pair (the positro-
nium atom), it was shown that the capture effect is present in
QED. Its role in QED was reduced to a certain increase of the
interval where the photon freely propagates before it turns into
the pair. We shall not take this correction into account in the
consideration that follows.
8 As for mode-3 photons not affected by the presence of axions
these could contribute to the plasma creation only if their energy
is larger than me
[
1 + (1 + b)1/2
]
> 2me. For sufficiently large
magnetic field they cannot save the necessary plasma creation
mechanism resting on the less energetic mode-2 photons, once
the latter ones are excluded from the game by the presence of
axions, as described above.
of
(
q2⊥
)
thr
= 4m2e characteristic of QED in a magnetic
field. This occurs if the two conditions
m2∗ >
4
3
m2e and b≫1 (34)
are met. In such a case the photon is captured by the
magnetic line of force, and it cannot create a pair before it
propagates far enough along the line to leave the region of
the strong dipole field of the pulsar where the one-photon
pair creation is no longer possible. In other words, if in
this highly magnetized object AED dominates over QED,
mechanisms other than the one recognized so far would
be required for explaining the plasma generation in neu-
tron star surfaces. Let us examine the axion parameters
for which this phenomenon could take place. Bearing in
mind that in the surface of neutron stars the magnetic
field strength is of the order of B ∼ 1013 G , we find from
Eq. (34) that the established mechanism of radiation is
detroyed provided the axion-diphoton coupling constant
lies above the upper limit g > 103 GeV−1 for masses
m≪ 1 keV. It is worth remarking that this combination
of axion parameters is ruled out by various experimen-
tal observations. In fact, for ALPs masses m ≪ 1 keV,
the OSCAR collaboration has constrained g to lie below
g < 4× 10−8 GeV−1 [30]. Thus, we verify that for fields
as large as B ∼ 1013 G and for ALPs masses m≪ 1 keV,
the current bounds on g forbid a dominance of AED over
QED phenomenology.
We are to comment also on the possibility of pair cre-
ation by the ”photon” belonging to the massive branch.
Kinematically this process is allowed if q20 − q2‖ > 4m2e.
However, the curvature γ-quantum, i.e. the one emit-
ted in the pulsar magnetosphere by an electron moving
along a curved magnetic line of force, is the standard
zero-mass photon. The option of creating excitations be-
longing to the masive branch is not seen. Thereby, the
plasma creation by the massive-branch “photon” is left
beyond discussion.
C. Capture of lower-energy photons and
polarization of thermal radiation of pulsars
The direct thermal radiation emitted by the hot sur-
face of neutron stars is directly observable in the X-ray
range [see, e.g., Ref. [97]]. Let us inspect the consequence
of the capture of their mode-2 part by the strong mag-
netic field due to the presence of axions as pointed out
below Eq. (23). To this end we first consider the refrac-
tion law of electromagnetic waves when they leave the
region of strong magnetic field and enter the space free of
it. This consideration will be independent of what mech-
anisms are responsible for formation of the vacuum po-
larization and dispersion laws, in other words of whether
there are ALPs or we just face the usual QED with mag-
netic field.
Let an electromagnetic wave be created at the surface
of a neutron star inside a strong magnetic field, which
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gradually disappears at the distance ℓ far from the sur-
face. We accept that the wave length λ is much less than
ℓ, and hence adiabatic approximation is valid, wherein
the dielectric properties of the medium may be consid-
ered as depending on the coordinate. Conventionally,
the magnetic field changes only along its own direction,
but is constant in the direction transverse to it. Then the
photon energy (frequency) q0 and the photon momentum
component q⊥ across the magnetic field do not change,
when the wave leaves the region occupied by the magnetic
field, due to the corresponding space-time translational
invariance. On the contrary, the momentum component
along the magnetic field q‖ does change, because the mag-
netic field varies in this direction. We shall supply this
component with the subscript “mag”, when it relates to
the region occupied by the magnetic field, and with “vac”
ouside of it. There are two different dispersion laws:
q20 = q
2
‖vac + q
2
⊥, q
2
0 = q
2
‖mag + f(q
2
⊥). (35)
The last relation is a consequence of relativistic covari-
ance, the function f(q2⊥) is model-dependent and it is
different for each propagating mode. According to Eq.
(21) one has
f(q2⊥) =
q4⊥
m2b2
(36)
provided the condition q⊥ ≪ mb is fulfilled.9 Let ϑvac be
the refraction angle, i.e. the angle between the outgoing
momentum qvac and the magnetic field
sinϑvac =
q⊥
|qvac| =
q⊥
q0
, (37)
and ϑmag the incident angle, i.e. the angle between the
ingoing momentum qmag and the magnetic field. With
the use of the dispersion laws, Eq. (35), it is expressed in
terms of the refraction angle as
sinϑmag =
q⊥
|qmag| =
√
q2⊥
q2⊥ + q
2
0 − f(q2⊥)
=
1√
1 + 1
sin2 ϑvac
− 1
q20
f(q20 sin
2 ϑvac)
.
(38)
This can also be written as
tan2 ϑmag =
sin2 ϑvac
1− 1
q20
f(q20 sin
2 ϑvac)
≈ sin
2 ϑvac
1− q20m2∗ sin
4 ϑvac
,
(39)
9 Note that in mode-3 the function f(q2⊥) is proportional to q
2
⊥ at
small q⊥. Therefore, this region of momentum is an arena for
utmost manifestation of birefringence.
provided that q0 sinϑvac ≪ m∗. The critical angle ϑcr for
total internal reflection is achieved when ϑvac = π/2. It
depends on the energy:
ϑcr = arctan
(
1− 2 q
2
0
m2∗
)− 12
&
π
4
(40)
Only approximately one half of the isotropic long-wave
radiation has a chance to leave the magnetic field.
The capture effect further modifies the situation. We
have found [see Eq. (22)] that on the massless photon
branch for q2⊥ as small as q
2
⊥ = q
2
0 sin
2 ϑvac ≪ m2∗ = m2b2
all photons are canalized towards the direction of the
magnetic field. The fulfillment of this strong inequal-
ity is guaranteed for all incident angles provided that the
photon energy q0 is much less than m∗. That is q0 ≪ gB.
On the other hand, the dispersion curve passes through
the point ϑvac = ϑmag = 0, which means that the wave
parallel to the magnetic field is not deflected, when it
goes out of it. Therefore the whole mode-2 part of the
radiation would gather in a beam going out of the mag-
netic field parallel to it.
As the mode-2, in the axion-dominating regime, is
canalized parallelly to the background magnetic field,
most of its energy is concentrated at q⊥ = 0. As ar-
gued above, according to Eq. (31) it is a transverse wave
with its electric field lying in the plane spanned by the
vectors B and q . In accord with the analysis above [see
Eq. (37) or (39)], it leaves the background field with the
refraction angle close to the incident angle, when both
are small. On the other hand, the mode-3 component of
the heat radiation, whose electric field is normal to the
plane formed by the background magnetic field and the
direction of propagation, is not canalized. (Recall, that
it is not influenced by the presence of axions and remains
as calculated via QED [see Ref. [49]]). Its original angu-
lar distribution is only modulated by the refraction law
Eq. (39), and it is not concentrated along any direction.
Therefore, if the axion exists, the heat photons with ener-
gies q0 ≪ gB polarized in the plane to which the vectors
B and q belong, peak along the direction of the magnetic
field against the smooth background of photons polarized
orthogonal to this plane.
This means that if the observation direction deviates
from being parallel to the magnetic field we would face
the smooth background of photons polarized orthogonal
to this plane and the smooth background of axions – that
are not subject to the capture. The registered radiation
would be scant of photons polarized in the said plane.
As long as we deal with the thermal mechanism of radi-
ation we can judge upon how many accompanying axions
may be present together with photons. The distribution
of heat particles is characterized by the Boltzmann ex-
ponent ∼ e−
q0+
kBT , where q0+ is given in Eq. (20) and
kB = 8.6 × 105 eV/K denotes the Boltzmann constant.
For the massive branch (20), f(q2⊥) is a growing function
with f(0) = m2∗. So, we have
max e
−
q0
kBT = e
− m∗
kBT (41)
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Consider now a light ALP with m ∼ (10−3 − 102) µeV
and g ∼ 4× 10−8 GeV−1 [see discussion below Eq. (16)],
for which the critical field in AED, Bc ∼ 109−1014 G, lies
within the characteristic strengths of pulsars. If the crit-
ical field is overpassed by two orders of magnitude then
the effective axion mass m∗ ≈ mb ∼ (10−1 − 10−4) µeV
becomes heavy due to the external magnetic field dress-
ing [m∗ ≫ m]. However, for X-ray temperatures T =
106 K corresponding to kBT = 86 eV the exponential
in the right hand side of the expression above is close
to unity. This implies that the density of heat-created
ALPs inside the magnetic field might be comparable to
the density of photons, and a large amount of axions
might escape from the pulsar as well. This fact consti-
tutes a loss of energy which should accelerate the cooling
of the pulsar and shorten its lifetime. In similarity to
the case dealing with red giants, this property could be
exploited to establish new constraints on the axion pa-
rameter space. However, this is beyond the scope of the
present investigation.
The peaking (or not peaking) of photons in the paral-
lel direction is the best way to make sure that the axions
exist (or do not). Besides, there exists already significant
progress in high-purity polarimetric techniques for X-ray
probes [98, 99] which are expected to be exploited in the
envisaged experiment at HIBEF collaboration [100, 101].
These techniques are planned to be used in polarimeters
designed to investigate the soft X-ray emission in the
strong magnetic fields of neutron stars and white dwarfs
[102–105].10 Eventually, these measurements could al-
low us to probe the dominance and criticality of AED
over QED, and provide new constraints on the ALP pa-
rameter space [106]. Indeed, if the proposed effect could
be extinguished from the future observations one will be
able to ban the values of the axion coupling g > q0/B,
where the pulsar value is taken for the magnetic field B
and the x-ray value for the photon energy q0.
IV. THE MODIFIED COULOMB POTENTIAL
IN AXION-ELECTRODYNAMICS
A. General formulae
Aside from influencing the propagation of photons, the
polarization tensor [see Eq. (13)] also induces modifica-
tions of Coulomb’s law. This distortion is determined
here through the temporal component of the electromag-
netic four-potential
aµ(x) = −i
∫
Dµν(x, x˜)j
ν(x˜)d4x˜, (42)
10 In the optical regime, polarization measurements are within
reach. They currently provide evidences for vacuum birefrin-
gence in radiation coming from isolated neutron stars [107].
where jν(x˜) = qδν0δ
3(x˜) is the four-current density of
a point-like static charge q placed at the origin x˜ = 0
of our reference frame. In this expression Dµν(x, x˜) de-
notes the effective photon propagator, i.e. the result
of summing up the infinite series that determines the
renormalized photon propagator [see Eq. (4)] when di-
agrams of all orders are included [108]. Consequently,
the problem of determining how the quantum vacuum
fluctuation of a pseudoscalar axion field φ(x) modifies
the Coulomb potential aC(x) = q/(4π|x|) reduces, to
a large extent, to finding the explicit expression for
Dµν(x, x˜). Here this is accomplished by using the iden-
tity
∫
d4x˜D−1µλ (x, x˜)D
λν(x˜, x′) = iδνµδ
4(x − x′), where
D−1µλ (x, x˜) is given in Eq. (9) which corresponds to sum-
ming up the geometric series of one-photon-reducible di-
agrams. However, the close analogy between our prob-
lem and the one previously analyzed in QED allows us to
apply the model- and approximation-independent expres-
sion for Dµν(x, x˜) found in Ref. [56] directly. This general
formula links the previous object with the corresponding
eigenvalues and eigenvectors of the polarization tensor in
QED. It only remains to carry out an appropriate re-
placement of these eigenvalues by those resulting from
the photon-ALP oscillations. Hence, up to an inessential
longitudinal contribution, the photon propagator reads
Dµν(x, x˜) =
3∑
j=1
∫
d¯4q i
q2 − κj
♭µj ♭
ν
j
♭2j
eiq(x−x˜). (43)
We insert this formula into Eq. (42) bearing in mind the
details explained below. As a consequence, the axion-
modified Coulomb potential is given by
a0(x) = q
∫
d¯3q
(q2 +m2)e−iq·x
q2 (q2 +m2) [1− π(q2)] + g2B2q2‖
. (44)
When establishing this expression we used the fact that
♭01 = ♭
0
3 = 0, i.e. that the first and third eigenmodes
do not contribute to the electrostatic interaction. This
feature could be anticipated because, in the stationary
limit q0 = 0, “virtual” photons associated with ♭
µ
1,3 carry
magnetic fields only, while off-shell photons of mode-2
are purely electric.
Observe that, in absence of an external field [B = 0],
the form factor π(q2) dominates the vacuum polarization.
Since so far no deviations from the standard QED pre-
dictions have been observed, we can assume that π(q2) is
very small [π(q2)≪ 1]. There are no reasons to expect a
change in this condition when a strong magnetic field is
present. Thus, after a linear expansion in π(q2), Eq. (45)
can be approached conveniently by
a0(x) ≈ q
∫
d¯3q
[1 + π(q2)]
(
1 + q
2
m2
)
q2
(
1 + q
2
m2
)
+ b2q2‖
e−iq·x. (45)
In the limit of B → 0, corresponding to b → 0, this
formula reduces to the expression for the axion-Coulomb
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potential found in Ref. [75]:
a0(x)|b→0 =
q
4π|x|
[
1 +
g2m2
48π2
∫ ∞
1
du
u5
× [u2 − 1]3 e−m|x|u]
=


q
4π|x|
[
1 +
g2m2
π2
e−m|x|
(m|x|)4
]
|x| ≫ λ,
q
4π|x|
[
1 +
g2
48π2
1
|x|2
]
|x| ≪ λ
.
(46)
This expression has been quoted for establishing a com-
parison with the situation where the magnetic field is
weak [b ≪ 1], in which case the correction to Eq. (46)
results from an expansion in b of the portion in Eq. (45)
that does not contain π(q2). When the field B is strong
enough [b≫ 1], the weakness of the axion-diphoton cou-
pling is compensated, and the quantum effects could en-
hance notably. Also in this situation, the term containing
π(q2) can be ignored as it turns out to be a small correc-
tion of the order ∼ g2. Consequently, we will deal in the
following with
a0(x) ≈ q
∫ ∞
0
d¯q⊥q⊥J0(q⊥x⊥)
×
∫ ∞
−∞
d¯q‖
(
1 + q
2
m2
)
e−iq‖x‖
q2
(
1 + q
2
m2
)
+ b2q2‖
,
(47)
where the original integration variables have been
changed to cylindrical ones, and the integral represen-
tation of the Bessel function of order zero J0(z) =∫ 2π
0 d¯ϕe
−iz cos(ϕ˜−ϕ) has been used [109]. Here ϕ (ϕ˜) is
the polar angle associated with q⊥ (x⊥) and the square
of the momentum q must be understood as q2 = q2⊥+ q
2
‖.
The integration over q‖ can be performed by using the
residues theorem. For this, we point out that the inte-
grand in Eq. (47) has four poles on the imaginary axis:
q‖ =


± i
√√√√q2⊥ + 12m2∗
[
1 +
√
1 +
4b2
1 + b2
q2⊥
m2∗
]
± i
√√√√q2⊥ + 12m2∗
[
1−
√
1 +
4b2
1 + b2
q2⊥
m2∗
] (48)
with the positive roots taken for x‖ < 0 and the neg-
ative ones for x‖ > 0. As before, m∗ = m
√
1 + b2
with b = gB/m is the ALP mass dressed by the ex-
ternal field [see below Eq. (20)]. With these details
in mind, and after developing the change of variable
u = 2bq⊥/(m∗
√
1 + b2), it turns out that
a0(x) =
1
2
aλ∗
√
1 +
1
b2
∫ ∞
0
du
2u
J0(x˜⊥u)√
1 + u2
×
{[√
1 + u2 − 1
]
Λ+(u)e
−x˜‖Λ+(u)
+
[√
1 + u2 + 1
]
Λ−(u)e
−x˜‖Λ−(u)
}
.
(49)
In this formula, aλ∗ = q/(4πλ∗) is the Coulomb poten-
tial evaluated at the effective wavelength λ∗ = m
−1
∗ of an
ALP. Depending on whether the magnetic field strength
is smaller or larger than the critical scale of the theory
Bc = m/g, this quantity will reduce either to the Comp-
ton wavelength of the axion λ = m−1 or to a sort of
“Larmour” length [λ∗
b≫1−−−→ (gB)−1], respectively. As
the framework under consideration allows for exploring
distances larger than the natural length scale of the the-
ory g ∼ Λ−1UV [see discussion below Eq. (1)], the effective
wavelengths of interest are those for which the condition
λ∗ ≫ g is fullfilled. Observe that, in the strong field limit
[b≫ 1], the latter translates into an upper bound for the
largest magnetic field that can be considered in the the-
ory Bmax = g
−2 ∼ Λ2UV, corresponding to a parameter
bmax = (mg)
−1 with 1≫ mg.
Eq. (49) has been written in terms of the dimensionless
coordinates x˜⊥,‖ =
|x⊥,‖|
2λ∗
√
1 + 12 and functions which
grow monotonically with the increasing of u:
Λ±(u) =
√
u2 +
22
1 + b2
[
1±
√
1 + u2
]
. (50)
For large values of their argument [u ≫ 1], they behave
as
Λ±(u)|u≫1 ≈ u±
b2
1 + b2
, (51)
whereas for small values of u≪ 1 they approach
Λ+(u)|u≪1 ≈
√
u2
[
1 + 2b2
1 + b2
]
+
4b2
1 + b2
,
Λ−(u)|u≪1 ≈
u√
1 + b2
.
(52)
The formula found above [Eq. (49) with (50) included]
is our starting point for further considerations. Its conse-
quences on the electrostatic energy of an electron−ea0(x)
is depicted in Fig. 4 for various values of the parameter
b. The curves in the left [right] panel have been deter-
mined by setting |x‖| = 0 [|x⊥| = 0]. For a common value
of b > 1, the corresponding curves in the left and right
panels display different shapes and each panel reveals a
different trend of the curves with the growing of b. These
features constitute clear manifestations of the anisotropy
induced by the external field via the vacuum polarization.
In the left panel [|x‖| = 0], the curves tend to stick closer
to each other, falling down rather sharply as the magnetic
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FIG. 4: Electrostatic energy of an electron −ea0(x) due to the anisotropic Coulomb potential a0(x) [see Eq. (49)] of a pointlike
static charge induced by quantum vacuum fluctuations due to an axionlike field over a constant magneticlike background. Here
the energy is shown in units of the electron energy at the Compton wavelength of an ALP eqm/(4pi). The left [right] panel
depicts the behavior along the axis x⊥ [x‖] passing through the charge q perpendicular [parallel] to the magnetic field, |x‖| = 0
[|x⊥| = 0]. In both panels, the dashed curve is the Coulomb potential, whereas solid lines in gray and black were determined
from the following values (left to right) b = 100, b = 10, and b = 1. The dotted curve in each panel must be understood as the
limiting case when b→ bmax.
field grows gradually and the distance from the particle
location is much smaller than the Compton wavelength
of an ALP [|x⊥| ≪ λ]. Conversely, when |x⊥| = 0, the
growing of the external field makes the curves slightly
deviate from the standard Coulomb potential, and for
b → bmax the curves converge rather fast to a certain
asymptotic function [dotted curve].
B. Leading behavior for small and large distances
relative to λ∗(1 + 1/b
2)−1/2
Let us investigate the behavior of a0(x) [see Eq. (49)]
on the axis x‖ = 0. In such a situation, the integrand that
remains combines J0(x˜⊥u) with a function that tends
asymptotically to 1 with the growing of u, whatever be
the value of b. Hence, the whole integrand reaches the
maximum value as the argument of the Bessel function
J0(x˜⊥u) satifies the condition x˜⊥u ≪ 1. Following this
analysis we infer that, when |x⊥| is small on the scale of
λ∗/(1+1/b
2)
1/2, the main contribution to the integral in
Eq. (49) results from the region in which 1 ≪ u ≪ x˜−1⊥ ,
provided b≫ |x⊥|/λ. As a consequence, one can exploit
Eq. (51) and integrate over u by using formula (6.616.1)
of Ref. [110].11 With these details in mind, the modified
11 The integral tabulated in Ref. [110] reads
∫ ∞
0
dx e−αxJ0(β
√
x2 + 2γx) = eαγ
e−γ
√
α2+β2√
α2 + β2
.
potential approaches
a0(x⊥, 0) ≈
q
4π|x⊥|e
− 12m∗
√
1+ 1
b2
|x⊥|. (53)
This formula looks like a pure Yukawa potential in which
the scale ∼ λ∗(1+1/b2)−1/2 characterizes the short-range
behavior. This kind of dependence is somewhat expected,
since the second propagation mode coexists with a mas-
sive branch determined by the ALP sector.
For magnetic fields B ≫ Bc [b ≫ 1], λ∗ ≈
(mb)−1 = 1/(gB) is independent of the ALP mass and√
1 + 1/b2 ∼ 1. The resulting expression can be read off
directly from Eq. (53), and tends to be tiny as b grows
progressively for any nonzero distance |x⊥| ≪ λ∗. The
sharp trend exhibited by the curves in the left panel of
Fig. 4, nearby the particle location [|x⊥| = 0], can be
understood qualitatively by considering the generalized
limit of Eq. (53) when b→∞:
lim
λ∗→0
1
|x⊥|e
− 12λ∗ |x⊥| = −2δ(x⊥)Ei(−1/2). (54)
Here, Ei(z) = − ∫∞
−z
dt t−1e−t is the exponential inte-
gral function [109]. With this result at hand, Eq. (53)
Changing the variable to t = (x2 + 2γx)1/2, it becomes
∫ ∞
0
dt t√
t2 + γ2
J0(βt)e
−α
√
t2+γ2 =
e−γ
√
α2+β2√
α2 + β2
which is the desired representation for our calculations.
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becomes a magnetic field independent delta potential
a0(x⊥, 0)|b→∞ ≈
q
2π
0.56 δ(x⊥). (55)
Although this result indicates that the curves tend to
collapse toward the vertical axis with the growing of b [see
Fig. 4], it cannot be considered as trustworthy because
this parameter is actually limited from above by bmax and
x⊥ must be larger than g [see discussion below Eq. (49)].
It is worth pointing out that, in the limit of b → bmax
and |x⊥| → g the axion-Coulomb potential is regular
and reads limb→bmax a0(g, 0) = q exp[−1/2]/(4πg). As
pointed out in Sec. III A, at this length scale, a dominance
of AED over QED might take place only if heavy axions
with g ∼ 10−2 GeV−1 are considered, but not for light
ALPs. Then, if the axion is thought of as a neutral pion
[see discussion below Eq. (17)], and the external field is
B = 102Bc, the electrostatic energy of an electron in a
vicinity of the point charge’s location |x⊥| ∼ g will be
−ea0(g, 0) = −18.9eqmπ.
When x⊥ = 0, the Bessel function J0(x˜⊥u) = 1,
and the exponentials which remain in Eq. (49) decrease
very fast for large values of x˜‖u. Hence, for distances
|x‖| ≪ λ∗(1 + 1/b2)−1/2, the main contribution to the
integral in Eq. (49) results from the region in which
1 ≪ u ≪ x˜−1‖ . Once again, we exploit Eq. (51) and
keep the factor u/
√
1 + u2 as it stands. These steps re-
duce the integral to one in which (6.616.1) of Ref. [110]
can be used. Consequently,
a0(0,x‖) ≈
q
4π|x‖|
cosh

1
2
m∗|x‖|√
1 + 1
b2

 e− 12m∗√1+ 1b2 |x‖|.
(56)
The outcome above applies whenever b≫ |x‖|/λ. In the
limit of b≫ 1, this expression approaches
a0(0,x‖) ≈
q
8π|x‖|
[
1 + e−m∗|x‖|
]
. (57)
We note that, as the exponent involved in this formula
is much smaller than unity [m∗|x‖| ≪ 1], the screen-
ing induced by the vacuum polarization does not de-
viate Eq. (57) from the Coulomb potential a0(0,x‖) ≈
q/(4π|x‖|) substantially. This fact agrees with the be-
havior shown in the right panel of Fig. 4, which exhibits
that – for distances smaller than the ALP wavelength –
the behavior of the curves is very similar to the one as-
sociated with Coulomb’s law. The limit of |x‖| → g is
readable from Eq. (57) and gives a0(0, g) ≈ q/(4πg).
Although Eq. (57) has been derived under the restric-
tion x‖/λ ≪ b−1 with b ≫ 1, it can be used to explore
regions of |x‖| for which the condition |x‖| ∼ λ holds.
Indeed, at |x‖| = λ and b = 102, this expression differs
from the exact formula [see Eq. (49)] by 2.6% only. The
accuracy increases even further as b grows, reaching val-
ues down to 0.4% if b > 103. Noteworthy, when both
|x‖| ∼ λ and b≫ 1 are met, the second term in Eq. (57)
drops and
a0(0,x‖) ≈
1
2
q
4π|x‖|
. (58)
Observe that this formula differs from the standard
Coulomb law by a factor 1/2. Thus, the behavior of the
axion-modified Coulomb potential in the longitudinal di-
rection saturates in the sense that – unlike the direction
perpendicular to B [see Eq. (53)] – it reaches a universal
shape, independent of the external field strength. This
fact helps to understand why the curves in the right panel
of Fig. 4 converge to one whose behavior differs from the
case in which x‖ = 0 [left panel] as b≫ 1.
The procedure for obtaining Eq. (56) can be extended
easily to the case in which |x⊥| ≪ λ∗/(1+ 1/b2)1/2. This
gives rise to the following short-range anisotropic poten-
tial [b≫ 1]
a0(x⊥,x‖) ≈
q
4π|x| cosh
[
1
2
m∗|x‖|
]
e−
1
2m∗|x|, (59)
where |x| = (|x⊥|2+ |x2‖)1/2 and m∗ ≈ mb. In the limit of
x‖ → 0, Eq. (59) reproduces the result given in Eq. (53)
with the particularization b≫ 1. Conversely, if x⊥ → 0,
the former reduces to Eq. (57) with the condition b≫ 1
taken into account.
Let us now consider the case |x‖| ≫ λ∗(1 + 1/b2)−1/2
while |x⊥| is arbitrary. Since the functions Λ±(u) in-
crease monotonically with the growing of u, the main
countribution to the integral in Eq. (49) results from the
region in which u ≪ 1. It is then justified to Taylor
expand all instances in the integrand depending only on
this variable [see Eq. (52)]. After applying once again
the integral (6.616.1) of Ref. [110] the modified Coulomb
potential reads
a0(x) ≈
q
4π
√|x⊥|2(1 + b2) + |x‖|2 . (60)
This formula is an anisotropic Coulomb’s law which tends
to vanish as the external field grows unless |x⊥| = 0. It
resembles closely the longe-range behavior found within
a pure QED context, when the external magnetic field
exceeds the critical scale associated with this framework
B0 = m
2
e/e ≈ 4.42× 1013 G [56–58]. However, in QED,
b2 is replaced by the factor αb/(3π) [see first line in
Eq. (15)]. As it has been pointed out below Eq. (16),
we expect that for a certain class of yet undiscarded
light axions, the b2 term prevails over the QED coun-
terpart, making the ALPs physics dominant. Observe
that, at |x⊥| = 0, Eq. (60) reduces to a pure Coulomb
form a0(0,x‖) ≈ q/(4π|x‖|).
Now, if |x‖| = 0, and x˜⊥ ≫ 1, the integral in Eq. (49)
is dominated by the region where u ≪ x˜−1⊥ ≪ 1. In
such a case, the part of the integrand which does not
include the Bessel function can be Taylor expanded in u.
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As a consequence, the long-range behavior of the axion-
Coulomb potential, perpendicular to the direction of the
field, reads [b≫ 1]
a0(x⊥, 0) ≈
q
4π|x⊥|b . (61)
That the axion-Coulomb potential along the magnetic
field [b≫ 1] resembles the 1/|x‖| law approximately leads
to an important implication: the ground-state energy of
a nonrelativistic electron in the field of the nucleus of a
hydrogen atom [q = e] can be approached by the same
expression obtained by Elliott and Loudon [60]:
ε0 = −2α2me ln2
(√
b
α
)
. (62)
This formula is unbounded from below as the magnetic
field grows unlimitedly [b→∞]. When AED is not con-
sidered, this problem finds a natural solution by incorpo-
rating the screening induced by the polarization tensor of
QED [56, 57]. At this point, it should be understood that
the reappearance of Eq. (62) in a scenario dominated by
quantum vacuum fluctuations due to axionlike fields is
unrealistic because, in AED, the limit of b → ∞ cannot
be taken formally as there is a natural cutoff custodying
the unitarity of the scattering matrix b < bmax.
C. The weak field limit b≪ 1
For b ≪ 1, the background field constitutes a small
perturbation and the first Born approximation applies.
In this case, λ∗ reduces to the Compton wavelength of
an ALP [λ∗ → λ = m−1]. Prior to carrying out an expan-
sion in b, it is rather convenient to develop in Eq. (49) the
change of variable s = u/(2b), in which case the modified
Coulomb’s potential reads
a0(x) = aλ∗
∫ ∞
0
ds
2s
J0(m∗|x⊥|
√
1 + b2s)√
1 + 4b2s2
×
{[√
1 + 4b2s2 − 1
]
Λˆ+(s)e
−m∗|x‖|Λˆ+(s)
+
[√
1 + 4b2s2 + 1
]
Λˆ−(s)e
−m∗|x‖|Λˆ−(s)
}
,
Λˆ±(s) =
√
s2(1 + b2) +
1
2
[
1±
√
1 + 4b2s2
]
.
(63)
After expanding the expression above up to b2, and in-
corporating the pure vacuum contribution [see Eq. (46)
and the subsequent discussion] we end up with
a0(x) ≈
q
4π|x|
[
1 +
g2m2
48π2
τ(m|x|)− 1
2
b2G(x)
]
, (64)
where the expression for τ(m|x|) can be read off from
Eq. (46):
τ(m|x|) =
∫ ∞
1
du
u5
[
u2 − 1]3 e−m|x|u. (65)
In Eq. (64), the function which determines the next-to-
leading order correction reads
G(x) = G1(m|x|) +m2|x‖|2G2(m|x|),
G1(m|x|) = 1− 2
m2|x|2
[
1− (1 +m|x|)e−m|x|
]
,
G2(m|x|) = 1
m4|x|4
{
6
[
1− (1 +m|x|)e−m|x|
]
− m2|x|2
[
1 + 2e−m|x|
]}
.
(66)
It is worth mentioning that, when deriving Eq. (64), the
Eq. (6.616.1) in Ref. [110] – as well as its first and second
order derivatives with respect to α – have been used [see
also footnote 11].
We remark that, for distances |x| larger than λ, the
modified Coulomb potential [see Eq. (64)] acquires the
form
a0(x) ≈
q
4π|x|
[
1 +
g2m2
π2
e−m|x|
(m|x|)4
− 1
2
b2
(
1− |x‖|
2
|x|2
)]
.
(67)
This expression is also obtained from Eq. (60) when it
is Taylor expanded in the small parameter b ≪ 1. Now,
for distances |x| ≪ λ, but larger than the natural scale
of the theory |x| ≫ g, the modified Coulomb potential
approaches to
a0(x) ≈
q
4π|x|
[
1 +
g2
48π2
1
|x|2 −
1
3
b2m|x|
×
(
1− 3
8
m|x| − 3m|x‖|
2
8|x|
)]
.
(68)
The contribution depending on b2 coincides – up to a con-
stant term 12qb
2m – with the one derived in Ref. [111]
from the amplitude associated with electron-positron
scattering. Observe that, in the limit of |x| → g, the cor-
rection to the Coulomb potential is dominated by the fac-
tor q/(192π3g), which is independent of the axion mass.
The question whether virtul ALPs or neutral mesons can
explain the proton radius anomaly in muonic hydrogen
is revisited in Ref. [75].
V. CONCLUSION
We have considered the interaction between axionlike
particles and photons inside the background of a super-
strong constant magnetic field beyond the classical field
equations by including quantum corrections up to the
second order in the axion-diphoton coupling. Only the
extraordinary photon mode – mode-2 – whose electric
field lies in the plane spanned by the external magnetic
field and the photon momentum interacts with the axion,
while the ordinary mode – mode-3 – remains the same as
it was in strong-magnetic-field QED. We have obtained
17
that the axion contribution to the polarization opera-
tor grows quadratically with the magnetic field, while
the QED part of the polarization operator of the ex-
traordinary mode is known [112–115] to grow only lin-
early (while the ordinary-mode part grows much more
slowly). In this axion-dominating regime we established
the common axion-extraordinary-photon dispersion law
determining their mass shell. It consists of two noninter-
secting branches, with no mixed state forming – in con-
trast to QED, where the photon mixes with the electron-
positron state to form a polariton. One branch is mass-
less in the sense that the frequency as a function of spatial
momentum turns to zero when all components of the lat-
ter are zero. This implies that the mass defined as the
rest energy is zero. This branch is associated with the
photon modified by its interaction with the axion. The
other branch is massive and it is attributed to an axion-
like particle, modified by its interaction with the photon.
The modified mass of the axion grows with the magnetic
field, and when the latter is of the order of the critical
QED value B0 = me/e = 4.42× 1013 G or larger – which
is characteristic of some pulsars or magnetars – a certain
class of light ALPs [10−3 µeV < m < 102 µeV] that al-
lows for the axion-dominating regime might escape from
the star, this way contributing to the pulsar cooling.
The massless branch exhibits the important feature of
flattening in the vicinity of zero momentum, leading to
strong birefringence, because the dispersion curve of the
mode-3 photon, which remains the same as in QED, does
not show such feature. The flattening results in bending
the direction of the wave envelope propagation (the group
velocity) towards the external field and in the capture of
mode-2 photons by curved lines of force of the magnetic
field of pulsars. Contrary to the analogous effect known
in QED, in the present scenario not only γ-quanta of cur-
vature radiation undergo the capture , but also heat pho-
tons in the X-ray range. The capture of gamma-quanta
is more efficient in the axion electrodynamics and its po-
tential consequence might be the destruction of the well
established mechanism of formation of pulsar radiation.
This does not happen, however, since the parameters of
the axion necessary for such destruction are eliminated
by already existing estimates. On the contrary, when
applied to the softer thermal radiation of the pulsar sur-
face the capture causes that the mode-2 X-ray quanta all
gather together to peak near the direction of the mag-
netic field, while beyond this direction all photons are
polarized orthogonal to the plane spanned by the mag-
netic field and the observation direction. Their angular
distribution is determined by the refraction at the border
of the strong magnetic field area, studied in the paper,
and by the mechanisms of formation of the soft radiation
(see their review in Ref. [97]).
Despite the charge-neutrality of quantum vacuum fluc-
tuations of axionlike fields, we have seen that the pres-
ence of a supercritical magnetic field could induce a
strong screening of static electric charges. At distances
from the source much smaller than the Compton wave-
length of the axion, and for magnetic field strengths
larger than the critical scale m/g associated with the
axion electrodynamics, the Coulomb potential of a point-
like charge is replaced by a Yukawa-type potential in the
direction perpendicular to the magnetic field, while along
the field the Coulomb law is preserved in a modified form
at any length scale. We find that at unlimitedly large
magnetic fields the longstanding problem – overcome in
QED – that the ground-state energy of a hydrogen atom
is unbounded from below, is reinstated in axion electro-
dynamics. However, in the latter theory this unbounded-
ness is cut off because the largest magnetic field treatable
within this theory is limited by the unitarity of the asso-
ciated scattering matrix.
In the weak-field regime, the anisotropization of the
axion-Coulomb potential is also manifested. However, in
contrast to the supercritical magnetic field regime, the
one-loop contribution turns out to be the leading order
correction to the potential. We therefore infer that it will
distort the motion of electrons in atoms pretty much in
the same way as the vacuum polarization does in QED.
Hence, the lines of atomic emission spectra of red gi-
ants and pulsars such as white dwarfs should be shifted
by this sort of axion-Lamb shift. Plausible distortions
of this nature should be revisited as they could provide
valuable information about the existence of ALPs. An
investigation on this subject is in preparation.
Acknowledgments
S. Villalba-Cha´vez and C. Mu¨ller thank A. Golub for
useful discussions. Both authors gratefully acknowledge
the funding by the German Research Foundation (DFG)
under Grant No. MU 3149/2-1. A. Shabad is thankful
to the University of Du¨sseldorf for the kind hospitality
extended to him during his research visit in 2016. He
acknowledges the support of the Russian Foundation for
Basic Research under the project No. 18 − 02 − 00149a
and by the TSU Competitiviness Improvement Program
through a grant from “The Tomsk State University
D. I. Mendeleev Foundation Program”.
Appendix A: Dispersion equation from the axion
prospect
Let us consider the system of linearized equations de-
scribing the dynamics of our axion-photon system. Ac-
cording to Eq. (7) it reads
∫
d4x˜ Γ(2)(x, x˜)Φ(x˜) = 0. (A1)
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Taking into account the quantities defined between
Eq. (7) and (8) we obtain [∂a = 0]
aµ(x)− gF˜µν(x)∂νφ(x)
+ i
∫
d4x˜ Πµνvac(x, x˜)aν(x˜) = 0,
(
+m2
)
φ(x) +
1
2
gF˜µν(x)fµν (x)
− i
∫
d4x˜ Σ(x, x˜)φ(x˜) = 0.
(A2)
When ignoring the contribution determined by
Πµνvac(x, x˜), the solution of the resulting equation
for aµ(x) is aµ(x) = g−1F˜µν(x)∂
νφ(x). Its insertion
into the equation of motion for the axion field leads to
write [
+m2 − g2F˜αβ∂α 1

F˜
ν
β∂ν
]
φ(x)
− i
∫
d4x˜ Σ(x, x˜)φ(x˜) = 0.
(A3)
We Fourier transform this formula. If the magnetic field
is strong enough as to disregard the effect coming from
the axion self-energy operator, one ends up with
[
−q2 +m2 + g2 qF˜
2q
q2
]
φ(q) = 0. (A4)
This dispersion equation coincides with that of mode-2
photons [see Eq. (12) and (13)], provided the loop contri-
bution ∼ q2π(q2) is ignored. Hence, in strong magnetic
fields, the axionlike spectrum is the same as that found
for the second propagation mode when the former is in-
tegrated out.
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